Introduction
The field of digital microfluidics, in which discrete droplets are manipulated in place of continuous flows, has seen rapid development over the past few years for a variety of applications, from engineering to the life sciences ͓1-7͔, including variable focus lenses, display technology, fiber optics, and lab-on-a-chip devices. In particular, efficient and cost-effective lab-on-a-chip devices are in great demand, as they allow for highly repetitive laboratory tasks to become automated with the introduction of miniaturized and integrated systems ͓8͔. This technique typically makes use of forces possessing favorable scaling relationships; prevalent examples include thermal or chemical surface tension modulation, electrowetting, and dielectrophoresis ͑DEP͒. In our group, digital microfluidics has been employed for active thermal management of compact electronic devices ͓9-11͔, design of a zero leakage microvalve ͓12͔, investigation of droplet morphology under electrowetting actuation ͓13͔, and design of an electrowetting microlense ͓14͔.
Accurate descriptions of actuation forces and resultant droplet velocities must be available when designing an integrated device making use of discretized flows. Currently, the most promising methods of droplet actuation in microfluidic devices are electrowetting on dielectric ͑EWOD͒ for conductive droplets ͓15-17͔ and DEP for electrically insulating droplets ͓18-22͔, where in both cases droplets are transported by sweeping an applied voltage along a microchannel ahead of the droplet. Numerical modeling of the droplet dynamics for EWOD and DEP configurations has been done using approximations of the electrostatic effect ͓13,23͔, but incorporation of the electrostatic force density into a direct simulation of the fluid mechanics is desired. For an example of such a simulation, see Ref. ͓24͔ . This paper presents numerical results describing the forces in DEP and EWOD for a droplet of fixed geometry. The lumped parameter result for the net droplet force is stated for DEP, and then compared with the results from direct numerical simulation of electrostatic forces. An analysis of the lumped force acting on an EWOD droplet has previously been presented by our group and others ͓2,25,26͔. Here we extend these results to DEP, investigate the net forces and force distributions in DEP actuation, and provide comparison with EWOD.
The primary difference between an EWOD and a DEP actuated droplet is the nature of the fluid and its effect on the electric field's penetration into the media, see Fig. 1 for the basic setup of EWOD and DEP. For EWOD, an electrically conducting droplet is placed in a dielectric-coated channel lined with electrodes. A given electrode is then activated, creating an electric field that induces a charge accumulation on the surface of the fluid. This charge accumulation allows for the creation of a net force on the droplet, drawing the droplet toward the actuated electrode. Investigation of the interface profile and electrostatic distribution in EWOD has been explored in several papers ͓27-29͔. The charge distribution near the contact line was found analytically, giving rise to a force distribution that is clustered in a region near the contact line on the order of h, the thickness of the dielectric layer. The interface profile used in this paper is assumed circular and fixed for all time, so any dynamic response to the electric field is not included and is a topic of future research.
DEP differs from EWOD in that the liquid is insulating, charge does not accumulate on the surface, and the electric field penetrates into the liquid. It is well known that a dielectric material is drawn into the gap between the parallel plate of a charged capacitor ͓30͔. This is a result of the nonuniform fringing field located at the edge of the capacitor, providing a force pointing toward its center ͓30,31͔. As opposed to EWOD, the dielectrophoretic force can act over the droplet's front face or within the bulk of the fluid itself. Jones ͓20,21͔ has explored the close relationship between DEP and EWOD on a theoretical basis, but for direct simulation of EWOD and DEP flows including electrostatic effects, a clear description of the force distribution is required. The cases considered here are for a perfect conductor ͑EWOD͒ and a perfect insulator ͑DEP͒, but there exist many fluids that exhibit properties of both a conductor and a dielectric, namely, leaky dielectrics ͓32͔. This will be the topic of a future publication. applications, the dynamic currents are so small that the magnetic field can be ignored. In this situation, the governing equations for the electrical field are the electrostatic laws ͓33͔.
The governing equations of motion for incompressible fluids under electric effects are the mass, momentum, and electrostatic equations. Aside from the mechanical forces ͑pressure and shear stress͒, there exists Columbic forces due to any existing free charge as well as forces due to polarization. The corresponding boundary conditions at a fluid interface are obtained by integrating the mass and momentum equations through the interface.
The net effect of an applied electrical field on a given fluid is represented by an extra body force on the right hand side of the Navier-Stokes equations. The body force density f b in a fluid resulting from the influence of an electric field can be written as Since the last term in Eq. ͑7͒ is the gradient of a scalar, it can be absorbed into the pressure. Therefore, the difference in the Kelvin and Korteweg-Helmholtz body force densities is the gradient of a scalar, a term that has no dynamic significance for incompressible flows.
For a system where one fluid is significantly more conductive than the other ͑such as EWOD͒, the electric relaxation time for the conductive liquid can be assumed to be significantly shorter than the relevant hydrodynamic time scales. As a result, the interface can be regarded as a perfect conductor. For such a conductor under the influence of an electric field, all free charge in the system accumulates on the surface of the droplet. For such a setup, the force density is given by the first term in Eq. ͑2͒, except that for an ideal conductor we have f → f , where f is the surface charge density. Note that this is no longer a body force density; it is confined to the surface of the droplet. The surface charge density can be rewritten using Gauss' law and the field itself is expressed as the average electric field intensity at the surface. Applying these two conditions and recalling that the electric field is always normal to the surface of a conductor gives the surface force density f s at the interface,
where ⑀ ext refers to the dielectric constant of the fluid external to the conductive droplet ͓39͔. Thus, the difference in the force distribution for dielectric and conductive fluids is that of a body force density as opposed to a surface force density. This is an essential difference in regard to a numerical implementation of these forces coupled with the fluid equations.
The investigation of the electric force acting on droplets that are perfectly conductive and perfectly insulating is now considered in detail. The following introduces the nondimensionalization of the system considered in this paper. Figure 1 shows the setup for both the EWOD and DEP systems considered in this paper. Let the primes denote the nondimensionalized variables and set Transactions of the ASME
Nondimensionalization.
where H is the channel height, V 0 is the charged electrode voltage, and ⑀ 0 is the electric permittivity of free space. This nomenclature is used to nondimensionalize the governing equations. In the presence of the electric field, the atoms in a dielectric material polarize. The resulting dipoles experience a force from the electric field, and this electrostatic force density f b of the electrically insulating droplet is given by Eq. ͑5͒. Equation ͑5͒ can then be integrated over the entire domain to give the net force acting on the insulating droplet. The relationship between the nondimensional body force density f b Ј and the dimensional body force density f b is
In EWOD, the droplet is a conductor and hence there is no electric field present internally. Therefore, Eq. ͑10͒ reduces to Laplace's equation,
with the appropriate boundary conditions. The charge distribution resulting from the electric field present on the conducting droplet feels a force from the external electric field, giving rise to an electrostatic force always felt normal to the surface, given by Eq. ͑8͒. The integration of this force density gives the net force on the conductive droplet. The relationship between the nondimensional surface force density f s Ј and the dimensional surface force density f s for the EWOD configuration considered here is
The use of the primes has been dropped in the remainder of this paper for notational clarity.
Lumped Forced Calculations.
The next two sections pertain to the forces at work in DEP and EWOD. The total force per unit area experienced by a droplet can be directly derived from capacitive energy considerations ͓30,31͔. Differentiation of the system energy U gives the net force F in the horizontal direction, per unit area,
This method is demonstrated for both EWOD and DEP droplets in the section below. To calculate force distributions, numerical methods must be utilized, and this is presented in Sec. 3.
Lumped EWOD Force.
Under EWOD actuation, the droplet is a conductor, and so all the charge is located at the fluid interface. Hence, the droplet experiences a surface force near its front and rear contact lines. We consider here only the case of a continuously grounded electrode, with the opposing side of the droplet in contact with a hot electrode with potential V on its advancing face and a grounded electrode on its receding face, as seen in Fig. 1͑a͒ . Ignoring the contributions of edge effects at the contact lines and the hot/cold electrode interface, the total capacitive energy in the system is
where c u and c l are the capacitances per unit area of the top and bottom dielectric coatings, V drop is the voltage of the droplet, d is the thickness of the dielectric layers insulating the droplet from the electrode, and x = 0 when the center of the droplet is directly under the left edge of the electrode. Assume c u = c l = c = ⑀ lay / d, where ⑀ lay is the dielectric constant of the insulating layers. Then the droplet voltage is found by minimizing the total energy with respect to V drop , giving a result of ͓36,39,40͔
Adding Eq. ͑13͒ to Eq. ͑12͒ gives the system energy, which can be differentiated by x to give the net force in the horizontal direction,
Note that the total force on the droplet is a function of the droplet position with respect to the electrode. As a result, a droplet under EWOD actuation experiences a cyclic total force as it moves over a periodic array of electrodes. However, one should note that this lumped model breaks down when the droplet interfaces approach the electrode edges, as edge effects play an important role ͓26͔. In such cases, one requires direct numerical simulation of the governing equations to obtain the net force, as described in Sec. 3.
Lumped DEP Force.
Let ⑀ int and ⑀ ext be the dielectric constant of the droplet and the external fluid, respectively. Consider the system in Fig. 1͑b͒ and recall that x = 0 when the center of the droplet is directly under the left edge of the electrode in this section. The energy stored in the region where the droplet is under the charged electrode is given by 1 2 c int V 2 , where c int = ⑀ int / H͑x − L͒V 2 is the capacitance per unit area of this region. The energy stored in the region under the charged electrode where the droplet is not present is given by 1 2 c ext V 2 , where c ext = ⑀ ext / H͑L e − x͒V 2 is the capacitance per unit area of this second region. Then the net force per unit area is given by
where ⑀ int is the dielectric constant of the fluid itself and ⑀ ext is the dielectric constant of the external fluid. This force is seen to be the difference in capacitive energy between a dielectric-filled channel and an empty channel. Again, this model is only valid when the droplet interfaces are well away from any fringing fields. Note that the droplet height, H, appears directly in this expression for F; this factor gives DEP a different scaling than EWOD ͓26,41͔. The velocity of an EWOD droplet depends on H / L, where L is the length of the droplet. In contrast, the velocity of a dielectric droplet depends only on 1 / L, making DEP increasingly effective for very small channel sizes.
Maxwell Stress Tensor.
The above lumped parameter analysis can equivalently be derived using the Maxwell stress tensor with a judicious choice of integration path ͓20͔. However, the stress tensor calculation fails when the droplet interface is near the edge of the electrode.
First, consider the integration paths in Fig. 2͑a͒ . Here the drop-let interface is well away from the electrode interface. The vertical components of the integration path are assumed to be far enough away from regions of nonuniformity that E is known analytically. The contributions along the horizontal components of the integration path take the form ͑when only concerned with force in the horizontal direction͒
where the subscripts 1 and 2 refer to the x and y directions, respectively. Since the horizontal components lie along the electrodes, E 1 = 0 and so these parts of the integration path contribute nothing to the stress tensor integration. Now consider the integration path in Fig. 2͑b͒ . The droplet interface is now near the electrode interface, and the integration path must lie across the hot/cold electrode interface to ensure that the vertical components of the path are in regions where E is known analytically. Unfortunately, it can no longer be assumed that E 1 = 0 all along the upper horizontal path because of the discontinuity, and so the stress tensor method fails when droplet interfaces are near electrode interfaces. In order to calculate the net force in these regions, numerical methods need to be utilized.
Note that the same problem persists even when a gap is added between the hot and cold electrodes, as one would need to integrate around the corners of the electrode, where the normal direction is ambiguous.
Force Distribution
In this section, we present a detailed analysis of the electric force distribution of a droplet for both EWOD and DEP. The lumped analysis is only valid when the interface is far from the fringing fields. While the total force experienced by a droplet under EWOD and DEP was given in the previous section, a complete solution of the Navier-Stokes equations including electrohydrodynamic effects requires a detailed knowledge of the force distribution, as given below.
EWOD Force Distribution.
Consider a droplet with no net charge while it is electrically isolated from the electrodes. Since no volumetric free charge exists in the solution region, the potential is found by solving Laplace's equation outside of the droplet with the appropriate boundary conditions͓42͔. The boundary condition on the surface of the conductor is
with the entire droplet itself held at a constant potential V drop . The charge distribution and droplet potential are not in general known a priori and must be found as part of the numerical solution͓43͔. This is accomplished via a shooting method in which two initial guesses for the droplet voltage are assumed; the net charge on the surface is calculated by integrating f =−⑀ ext ͑‫ץ‬V / ‫ץ‬n͒ over the boundary, and a subsequent guess for V drop is calculated via the secant method. Convergence is reached when the integration of the surface charge is near enough to zero, specified by the user ͑a value of 10 −6 was used in these calculations͒, see Ref.
͓26͔ for details.
The Laplace equation is discretized using second-order centered differences and the resulting system is solved iteratively. An example calculation of the electric potential around a conducting droplet is shown in Fig. 3 . The droplet is centered over the voltage step, and the channel is lined with dielectric layers equal thicknesses given by d = 0.1H. The contour lines are densely concentrated around the four corners of the droplet, indicating the outward pressure along both faces.
The charge distribution and force densities on the surfaces of a straight-sided centered droplet are shown in Fig. 4 . On the rear interface, the distributions are symmetric about the centerline and always of the same sign. On the front of the droplet, the charge changes sign at a location given roughly by
and the force density is most strongly peaked near the hot electrode. Note that the force distributions are localized within a distance of order d near the droplet edges. In many EWOD applications, d is less than 1% of H, and the force is often treated as if it were a point force acting exactly at the contact line ͓27͔. For more details on the numerical force calculation in EWOD including verification, see Ref. ͓26͔.
DEP Force Distribution.
The simple bulk parameter analysis presented earlier for a dielectric medium is only valid for certain locations of the dielectric fluid slug relative to the actuating electrode. When the fluid interface is near a voltage jump, the form of the system energy will be strongly dependent on the exact location of the fluid. Equation ͑15͒ is therefore expected to be accurate only when the droplet is straddling the hot/cold electrode interface with its own faces reasonably far away. In addition, Eq. ͑15͒ does not address the force on a droplet approaching, but not yet in contact with, a voltage jump. To address these situations, numerical methods must be utilized.
To calculate the desired force density, we must first solve Eq. ͑10͒ numerically to obtain the electric field of the system. The net force on the droplet is an artifact of the increase in the gradient of the square of the electric field. If the interface is located in a region where the divergence of E 2 , the contribution to the net body force of this region is greatly increased. Because of this, it is critically important that the electric field is accurately resolved Fig. 2 Integration paths used when calculating the force with the Maxwell stress tensor when "a… the droplet interface is far away from the electrode interface and "b… when the droplet interface is near the electrode interface. 
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Transactions of the ASME near the fringing fields located at the edges of the electrodes. To achieve this resolution, a nonuniform grid is applied in the x-direction. Let x and xЈ denote the horizontal coordinate in the physical and computational planes, respectively. We define the relationship between the two planes as
where
where x max is the maximum value in the physical domain, x 0 is where we desire to cluster nodes, and ␤ x controls the amount of clustering about x 0 , where greater values of ␤ x lead to a higher concentration of points about x 0 ͓44͔. See Fig. 6 
Each term in Eq. ͑18͒ is discretized using the standard secondorder centered finite difference approximation. For a given node ͑i , j͒, the discretization of Eq. ͑18͒ yields the following relationship:
The domain in Fig. 5 is discretized using this formula, and the resulting matrix equation is then solved using iterative methods. For the gap between the hot and cold electrodes, the boundary condition ‫ץ‬V / ‫ץ‬n = 0, where n designates the normal direction, is applied.
Recall that the electrostatic force density is given by Eq. ͑6͒. To find the net force on a fluid slug, it is necessary to integrate Eq. ͑6͒ all along the channel, not just over the volume of droplet itself. This is because the fringing fields at the edge of the charged capacitor exert an inward force on whatever material is present, including the external fluid surrounding the droplet; this force is felt as a pressure on the droplet interfaces, and the flow proceeds such that the material with greatest electric permittivity is drawn into the "hot" capacitive region. The force on a droplet thus changes sign as it moves over a charged electrode. In addition, the DEP force becomes repulsive for droplets immersed in a fluid of higher dielectric permittivity. Note that, for completeness, in this paper we consider the full, symmetric case of a droplet moving into and out of a capacitor, resulting in antisymmetric force peaks on the fluid. Therefore, it is recommended that the electrodes in a DEP device be narrower than the droplet's length, and that they be actuated so that a fluid slug is pulled forward with a force always of the same sign.
The nondimensionalized values used in the following computations are H =1, L =2, L c = 10, L e =2, ⑀ ext = 1, and ⑀ int = 3, unless otherwise stated. Generally 2001 nodes were used in the horizontal direction with B x = 2 and x 0 located at the leading edge of the droplet, and 51 nodes were used in the vertical direction unless otherwise specified. Figure 7 shows an example calculation of the electric potential for a droplet centered underneath the left edge of the electrode. The electric field is found by taking the gradient of this potential and the electrostatic force density is then found by squaring the electric field and again taking the gradient. As a consequence, the force density is very strongly localized in regions where the potential gradient is largest, i.e., near the hot/cold electrode interface.
To ensure that the resolution is high enough to capture the behavior of the net force, the force was calculated as the droplet moved over the edge of the electrode. The convergence of the method for a varied number of points in the horizontal direction is seen in Fig. 8 . Note that capturing the height of the peak requires more resolution than nearby values of the total force. Figure 9͑a͒ shows the net force experienced by the droplet as a function of position. The gap width between the hot and cold electrodes is set to 2.5% of H. A sharp spike in force as the droplet approaches the electrode can be seen. Once the leading droplet edge has passed underneath the electrode, the force experienced by the droplet approaches a net nondimensionalized force of 1, which agrees with the theoretical result ͑15͒ from the lumped force calculation. As the droplet continues to move, it experiences a strong increase in force to the right as the leading edge of the droplet approaches the far edge of the electrode. It is at this point that one would want to activate the next electrode in the series to keep the droplet moving to the right. This force is counteracted as the leading edge exits the region covered by the hot electrode and the behavior described above is repeated but in the opposite direction.
Figures 9͑b͒ and 9͑c͒ show a similar force plot but with wider electrodes so that the active electrode is longer than the entire length of the droplet. In this case, we observe a decrease in net force as the leading droplet edge approaches the right edge of the active electrode. Because the electrode is longer than the droplet, the trailing edge of the droplet experiences a negative force as it nears the left edge of the electrode, causing the force to be directed to the left. This occurs before the leading edge of the droplet is near the right edge of the electrode, as in Fig. 9͑a͒ . This situation is not ideal if one hopes to use a sequence of electrodes to transport the droplet to the right. Clearly, a smaller electrode is desirable in applications. This phenomenon demonstrates how the use of narrow electrodes and the importance of accurate electrode actuation is critical in DEP to avoid "stalling" the droplet in the channel.
The spikes in force seen in Figures 9͑a͒-9͑c͒ can be explained by the drastic change in the gradient of the electric field when the droplet edge ͑and hence the dielectric medium͒ passes through the fringing field induced by the electrodes. The effect of droplet contact angle can enhance this effect, see Figs. 10 and 11, increasing the net force on the droplet while it is in this region. This effect will only be seen when the droplet interface is located near the fringing field; otherwise the net force can be obtained by the previously mentioned analytical results. This is a result of the interface physically extending farther into the domain when the contact angle is increased; the nonuniformity of the fringing field gives rise to the increase in force as the interface extends further into the region.
The scaling in DEP varies with L, when the droplet interfaces are well removed from the electrode edges. However, when the interfaces are near the edges of the electrode, the force scaling is dependent on l, the distance between the hot and cold electrodes, as seen in Fig. 12 . In EWOD, a surface force density is distributed over the droplet's front and rear interfaces and is localized within a length scale equal to the thickness of the dielectric layers lining the channel. DEP differs from EWOD in that a volumetric force density is localized within a radius on the order of the gap between the hot and cold electrodes. While varying the electrode gap width does not affect the net force when the droplet interfaces are sufficiently far from the voltage jump, it does spread the force distribution over a larger area. Figure 13͑a͒ shows the decrease in total force on the droplet as l increases. As the leading edge of the droplet approaches the electrode, the net force felt by the droplet begins to grow. The rise in force occurs over the same distance as l, resulting in a broadening of the peak as l increases and a reduction in maximum force obtained. Reducing the magnitude of the force by increasing the gap width of the electrodes may be beneficial in applications, as strong electric fields can cause local dielectric breakdown of the fluid.
Scaling these peaks with respect to the gap width demonstrates the linearity of the relationship. We see the same characteristic features of the peaks align when scaled in this manner, as seen in Fig. 13͑b͒ . This is a beneficial relationship for the fabrication of microfluidic devices, as the behavior of droplets with different gap scalings can be extrapolated from known data.
Note that the net forces calculated in this paper pertain to a solid as well as a liquid; the dynamics of the medium do not play a role in these calculations. To fully integrate the electrostatics into a fluid solver, the force density ͑2͒ resulting from the electric field can be added as a body force acting upon the fluid. Investigation into fluid solvers coupled with the electrostatic effect is beginning to occur, for example, see Ref. ͓24͔ . Besides the bulk transport of the droplet, it is expected that some interesting dynamics would arise from adding the force distribution into a fluid solver. For instance, consider a droplet centered over the edge of a hot electrode, as seen in Fig 7. The droplet experiences a net force pulling it into the region of the hot electrode resulting from nonuniformity of the field. The field is particularly nonuniform in the region of the droplet located near the gap separating the hot and cold electrodes ͑i.e., the points P 1 and P 2 seen in Fig. 12͒ . This region contains two peaks of extremely large magnitude but opposite signs. The net effect from this region is canceled out in the integration of the force density, but one would expect the fluid to respond to these peaks locally, creating some local fluid circulation. Furthermore, the net force is only in the horizontal direction, but forces are present in the vertical direction as well, which certainly will change the shape of the droplet.
Conclusion
The two primary methods for droplet transport in digital microfluidics, namely, DEP and EWOD have been investigated. EWOD works with conductive fluids while DEP pertains to insulating fluids. In both cases, droplet transport is achieved by sweeping a voltage along a microchannel ahead of the droplet. A review of the Korteweg-Helmholtz and Kelvin force density formulations has been given as well as how these force densities apply to DEP and EWOD.
An energy minimization approach was used to calculate the total force acting on a droplet under EWOD and DEP actuation. It is seen that the total force for EWOD scales as 1 / d, where d is the dielectric layer thickness, while for DEP the total force scales as 1 / H, where H is the channel height, which leads to different velocity scalings of H / L and 1 / L for EWOD and DEP, respectively. This indicates that DEP will be increasingly effective for small channel heights.
Investigation of the force distributions for EWOD shows how the force density is confined to the surface of the droplet while in DEP it is spread throughout the bulk. This is a critical difference to note when implementing any computational simulation of EWOD and DEP. Two methods were demonstrated for numerically calculating the force distribution for EWOD and DEP. To fully resolve the force when interfaces are located near regions of nonuniformity in the electric field, greater resolution is required. In DEP, it is noted that interface curvature can enhance the net force experienced by the droplet as a result of the fluid interface extending further into the electric field. When a droplet is under DEP actuation, small electrode sizes in comparison to droplet length are preferable, as they keep the net force pointing in the same direction as the droplet moves under the electrode and avoiding any possible stalling of the droplet in the channel. Investigation of the gap width l between electrodes demonstrates how DEP scales with respect to l. As the interface travels through the region represented by l, the net force acting on the droplet increases. A decrease in the maximum force obtained also occurs as l grows. In engineering applications, this parameter could be used to lessen the magnitude of the force if dielectric breakdown of the fluid was a concern.
